I. Introduction
Suppose E and F are Banach lattices such that E* and F have order-continuous norms. In [4] Dodds and Fremlin (cf. also [1] ) showed that if T: E F is a positive compact operator and 0 < S < T then S is also compact. Aliprantis and Burkinshaw [1] showed by examples that the hypotheses on E and F are necessary. In [2] they asked whether a similar result is true for Dunford-Pettis operators, under the same hypotheses on E and F.
In this paper we give a positive answer to the question of Aliprantis and Burkinshaw. However, after the initial preparation of the paper we learned of the work of W. Haid [6] who also had answered the question in the form stated a little before our work (see also de Pagter [9] ). Haid's theorem is: THEOREM 1.1. Let E and F be Banach lattices so that E* and F have order-continuous norm. Let T: E F be a positive Dunford-Pettis operator. If 0 < S < T then S is a Dunford-Pettis operator.
Our methods are similar in spirit to those of Haid, but yield a more powerful result (Theorem 4.4 below) in that the hypotheses on E* can be eliminated.
We also strengthen another result of [2] . In [2] it is shown that for any Banach lattice E if T: E E is a positive Dunford-Pettis operator and 0 < S < T then S 3 is Dunford-Pettis; we show (Corollary 4.7) that in fact S 2 is Dunford-Pettis. Again examples in [1] and [2] show that S need not be Dunford-Pettis.
The argument for these results hinges on Theorem 3.2, a technical result which has many other applications to similar problems. Some of these are examined in Section 5. For an example we mention Theorem 5.4 . Suppose E is any Banach lattice and F is a Banach lattice with order-continuous norm.
isomorphism on H. Then we can conclude that there is a dosed subspace H of E, isomorphic to 12, so that R is an isomorphism on H a.
Notation
Let X and Y be Banach spaces. We denote by .og(X, Y) the space of bounded linear operators from X into Y and abbreviate Za(X, X) to Za(X).
We recall that T .oq(X, Y) is a Dunford-Pettis operator if T maps weakly compact sets into norm compact sets, or equivalently if II TxII ---, 0 whenever x 0 weakly. In [2] , T is said to be a weak-Dunford-Pettis operator if Suppose further that R, S (E, F) satisfy S < ]R < T in (E, F **).
Then given e > 0 there exist multipliers M1,.
Proof We let u E/ and v F/ be quasi-interior elements such that Tu < v. Let J" C(Ku) E and Jo" C(Ko) Fo be the associated Kakutani isomorphisms. As in Section 2 there is an isometric algebra isomorphism of C(Ku)1onto the multipliers of E given by f f where
and a similar isomorphism g of C(Ko) onto the multipliers of F.
We shall break up the proof into several lemmas. Before proving the first we note a fact which will be used several times. Let P denote the order-ideal in F** generated by F; i.e., x P if xl -< w for some w F. If n > 0 is a monotone increasing sequence in F* and q SUPn >_ltn then (x, qn) x, q) for all x P. In fact if xl w F then x,,) < w,'n) since qn q weak*. LEMMA 3.3. There exists dp F so that if 0 < x < Tu in F** and (x, Proof We need only showP*Ve>0if0<e<u. Pick f C(Ku)+>O so that fu e. Now suppose 0 < 6 < q. Then 0 < Jv*/< Jv*q' in C(Ko)*. Now by the Radon-Nikodym theorem given > 0 there exists g C(Ko) so that 0 < g < 1 and IJo*q(h) -L*(gh)l -< ellhll, h C(Ko).
By a weak *-density argu- Fix h so that -1 < h < 1 and P*R(h)= P*S in Za(E, F**) ( Thus IR(h)l < y(Ihl) < T. Also ISl < T. Thus IR(h)e Sel < 2Tlel.
If Proof. For any disjoint majorized positive sequence e n, e 0 weakly and so I I Tell --" O. Thus IlSell --' 0 and so S maps order-intervals into weakly compact sets. Hence S 2 is Dunford-Pettis.
As in [2] we can restate Corollary 4.7 for the case of products SIS2 where 0 < $1 < T and 0 < S 2 < T 2 and T and T 2 are Dunford-Pettis.
If E is an AL-space and F is weakly sequentially complete then SO(E, F) SOt(E, F) and is thus a Banach lattice (see [11, p. 232 and p. 95]). It has been shown by Dodds and Fremlin [4] (cf. also Bourgain [3] ) that if F is also an AL-space then the Dunford-Pettis operators in S(E, F) form a band. See [2, Corollary 3.6] for an extension of this result. Proof. We suppose R SO(E, F) is a Dunford-Pettis operator and S SO(e, F) with ISI -< IRI. We let T IRI. As As e > 0 is arbitrary the proof is complete.
